Abstract-A detailed analysis of the absorption spectrum of conductive ferromagnetic wires is presented. The absorption spectrum is computed from the solution to the scattering problem, and circuit models are formulated to clarify the interplay between losses, skin effect, and wire geometry. Both infinitely long wires and the axial resonances introduced by finite-length wires are considered. The theoretical results are validated experimentally through measurements within a metallic rectangular waveguide.
I. INTRODUCTION
A N ACCURATE knowledge of the absorption spectrum of ferromagnetic wires is required from both a technological and a material science point of view. On the one hand, not only is the absorption spectrum fundamental to the design of electromagnetic absorbers [1] - [3] , but it is also a key aspect for the development of many other wire-based systems, such as self-sensing materials [4] , [5] , transmission control screens [6] , [7] , and artificial electromagnetic materials [8] - [12] . On the other hand, the absorption spectrum of ferromagnetic wires is employed to determine the ferromagnetic resonance (FMR) frequency, and thus investigate the magnetic properties of the wires. To this end, the absorption spectrum is typically measured in resonant cavities [13] - [15] , microstrip lines [16] , and/or coaxial lines [17] - [19] .
Despite all this interest, the absorption spectrum of conductive ferromagnetic wires is not always well-understood. As a matter of fact, its interpretation is not straightforward due to the inter-coupling between losses, skin effect, and wire geometry. For example, although losses are maximal at the FMR, in general this does not imply a peak of absorption [14] . Therefore, the FMR does not necessarily enhance the absorption in the wires and it cannot be easily identified. In addition, axial resonances can be excited in finite-length wires, introducing additional complexity to the absorption spectrum.
Previous works have solved the scattering problem of infinitely long ferromagnetic wires [13] , [20] , [21] , while the antenna approximation has been applied to find the electromagnetic response of finite-length wires [9] . Whereas these works have provided the necessary tools to estimate the absorption spectrum of the wires, this contribution presents a comprehensive analysis of the absorption spectrum of conductive ferromagnetic wires, clarifying the aforementioned issues. The analysis is thus intended to enable an intuitive interpretation of the absorption spectrum, and to simplify the design of wire-based systems. To this end, the absorption spectrum is determined from the solution to the scattering problem, and circuit models are formulated to provide more physical insight into the absorption and scattering phenomena. Finally, the theoretical results are experimentally validated with measurements within a metallic rectangular waveguide.
II. INFINITELY LONG WIRES: THEORETICAL ANALYSIS

A. Absorption Spectrum From the Scattering Problem
The geometry of a ferromagnetic wire of radius excited by a plane wave with its electric field polarized along the wire axis is schematically depicted in Fig. 1 . For infinitely long wires, the problem is reduced to a 2-D configuration as represented in the inset of the same figure.
In general, the power absorbed by the wire is rigorously found by integrating the Poynting vector on the surface of the wire (1) where and are the electric and magnetic field on the wire surface, and is the unitary vector perpendicular to the surface of the wire. and can be found from previous studies on 0018-9480/$31.00 © 2012 IEEE the scattering of ferromagnetic wires [12] , [20] , [21] . For conducting ferromagnetic wires, it has been theoretically found [7] , [21] and experimentally verified (e.g., in resonant cavities [14] and rectangular waveguides [21] ) that the response of the wire is dominated by the uniform electric current flowing along the wires. In this case, the fields in the wire have perfect azimuthal symmetry, and thus, (1) simplifies to (2) Note that since it is a 2-D problem, the absorbed power has been addressed as absorbed power per unit length . In general, and are a complex function of the wire geometry, conductivity, and magnetization state. In this work, the expressions of and uniform and static magnetizations introduced in [21, eqs. (17) and (19) ] and/or in [12, eqs. (A8) and (A9)] will be employed since it is the expected response for saturated wires. In other words, exchange interactions will be neglected in the remainder of this paper.
Therefore, the wires are magnetically characterized by a permeability dyadic , where and are the diagonal and off-diagonal permeability components with Lorentzian frequency behavior. For the studied polarization, the wires response is equivalent to an effective permeability . Fig. 2(a) shows the effective permeability of a ferromagnetic wire around the FMR frequency. Typical parameters of Co-rich wires [13] have been adopted: gyromagnetic ratio T s , saturation magnetization T, conductivity S/m, and magnetic losses factor . In addition, the effective dc magnetic field has been fixed to kA/m to center the FMR at 9 GHz. As it is shown, the effective permeability follows a Lorentzian resonant behavior, with a maximum of magnetic losses at the FMR frequency. Furthermore, its real part is positive below the FMR frequency and negative above it.
In order to illustrate the complexity of the absorption spectrum, Fig. 2(b) depicts the absorption spectrum of wires with 22.5-, 5-, and 2-m radius. The magnitude of the incident electric field has been fixed to V/m, leading to an incident power density W/m . It can be concluded that the absorption spectrum is strongly correlated with the wire radius. Firstly, the absorption spectrum of the wire with 22.5-m radius presents a maximum of absorption close to the FMR, but at slightly higher frequencies. Secondly, the absorption spectrum of the wire with 5 m is characterized by the sequence of a minimum and maximum, none of them centered at the FMR frequency. More strikingly, the absorption spectrum of the wire with 2 m features minimal absorption at the FMR frequency. This complex behavior reveals that the absorption is not necessarily enhanced by the FMR, which must be taken into account in the design of ferromagnetic wire-based devices. Moreover, the FMR cannot be easily identified from the absorption spectrum.
B. Equivalent-Circuit Model
This complex response can be clarified with the aid of an equivalent-circuit model. By defining the equivalent current and wire distributed impedance , (2) can be rewritten in terms of circuital elements as follows: (3) where stands for the real part of the wire distributed impedance, given by [7] (4) where and stand for the medium impedance and propagation constant inside the wire, where the wire permittivity is mostly controlled by the conductivity.
is the Bessel function of the first kind and zeroth order.
Reordering the terms of introduced in [21] and [12] , the equivalent current can also be rewritten in circuital terms as follows:
(5) Fig. 3 . Equivalent-circuit model of the scattering and absorption of a long conductive ferromagnetic wire. where takes into account the radiation losses of the wires, and can be written as (6) where and stand for the medium impedance and propagation constant in free space.
Moreover, takes into account the inductance produced by the equivalent current, and is given by (7) In summary, this circuit formulation reflects that the scattering problem is equivalent to the simple equivalent circuit represented in Fig. 3 . Note that this circuit is not an approximation, but just a more intuitive way to rewrite the solution to the scattering problem.
In order to provide more physical insight into the equivalentcircuit model, note that the importance of each of the impedance terms in (5) depends on the geometry of the wire. On the one hand, thick wires with strong skin effect behave as good conductors so that the inductance term is dominant. On the opposite extreme, the wire resistance is dominant for very thin wires in which the skin-effect is weak. This is evidenced in Fig. 4 , which represents the wire distributed impedance, the radiation resistance, and the inductance produced by the equivalent current as a function of the wire radius. The results were obtained for a frequency of 8 GHz. As for the frequency dependence of such impedance contributions, the behavior of the wire distributed impedance, radiation resistance, and inductance produced by the equivalent current for a wire of 22.5-m radius are represented in Fig. 5 . As it is shown, the wire distributed impedance follows the Lorentzian resonant behavior of the wire permeability, with maximum resistance at the FMR, and a reactance that is inductive below FMR and capacitive above it. In addition, the reactance produced by the equivalent current and radiation resistance naturally increase along with frequency.
C. Interpretation of the Absorption Spectra
The previous analysis provides an intuitive explanation for the absorption spectra depicted in Fig. 2 . For thick wires, is dominant so that the absorbed power simplifies to (8) Therefore, the absorption spectra is expected to show a maximum of absorption at the FMR, corresponding to the maximum of wire resistance . In other words, if the inductance produced by the equivalent current is dominant, the wire distributed impedance has no impact on the equivalent current , and the absorption is maximized at the maximum of losses.
Contrarily, affects for smaller radii. This shifts the absorption maximum towards higher frequencies since the capacitive contribution of above the FMR compensates increasing , which can be observed for the wire of 22.5-m radius in Fig. 2 . Similarly, the inductive contribution of below the FMR produces a decrease of , and thus a minimum of absorption. Therefore, the absorption spectra of wires with intermediate radii are characterized by the sequence of a minimum and a maximum, as it is observed for the wire of 5-m radius in Fig. 2 .
Finally, for very thin wires, the wire resistance is dominant so that the absorbed power simplifies to (9) which explains the minimum of absorption at the FMR resonance observed for the wire of 2-m radius in Fig. 2 . In circuital terms, the excess of losses at the FMR produces a reduction of the excited current, which leads to a minimum of absorption.
Although this equivalent-circuit model clarifies the absorption spectrum, it is still not possible to identify the exact position of the FMR. This can be solved by noting that the scattered power is also proportional to the square of (10) Thus, the absorbed to scattered power ratio defined here as (11) is independent of the current excited in the wire, and features a maximum at the FMR independently on the wire geometry. Fig. 6 depicts the spectra for Co-rich wires with 22.5-, 5-, and 2-m radius. As expected, a maximum at 9 GHz is observed for all studied radii. In addition, increases as the radius decreases due to the increase in . A sketch and photograph of the experimental setup are presented in Fig. 7 . The wire is placed between two rectangular metallic WR-90 waveguides so that when they are connected the wire is short circuited and behaves as the theoretically studied infinitely long wires. The setup has been calibrated at the waveguide ends. Moreover, an electromagnet is employed to apply a dc magnetic field along the wire axis. The frequency range is selected so that monomode operation is ensured, with the waveguide mode as incident high-frequency field. The reflection , transmission , and absorption power coefficients can be directly obtained from the measurement of the -parameters: , , and . Theoretical analysis of the experimental setup can be found in [21] and [22] . In essence, the incident electromagnetic field impinges on the ferromagnetic wire, which scatters some electromagnetic power in the form of cylindrical waves that, due to the influence of the metallic walls, is reflected back and transmitted forward as the waveguide mode. Therefore, the scattered power is proportional to twice the measured reflection coefficient , and the absorbed power is proportional to the absorption coefficient . Consequently, the absorbed to scattered power ratio is estimated as . Fig. 8(a) represents the measured absorbed to scattered power ratio for the wire with 22.5-m radius. Each line corresponds to a different biasing dc magnetic field, as indicated in Table I . While the response is flat for a null biasing kA/m, the absorbed to scattered power ratio of biased wires is characterized by a peak that increases its frequency position along with . According to the theory, this peak identifies the FMR and has been marked with a vertical line to compare it with the absorption spectrum, which is represented in Fig. 8(b) . The absorption spectrum is also characterized by a peak that increases its frequency position along with . In accordance with the theoretical predictions, these absorption maxima are shifted toward higher frequencies with respect to the FMR.
The measurements of the wire with 5-m radius are depicted in Fig. 9 . Again, the absorbed to scattered power ratio is char- acterized by a maximum peak, and the measured values are larger than those obtained for the wire of 22.5-m radius. Despite using the same bias field and wire composition, the FMR frequencies do not coincide with those of the 22.5-m radius wire. Note that this is a typical effect in glass-coated amorphous wires [23] , produced by changes on the magnetic properties of the wires due to the mechanical stresses produced during the fabrication processes, which are a function of the wire geometry (metallic and total radius). As for the absorption spectrum, it describes a minimum-maximum sequence as predicted by the theory [see Fig. 9(b) ].
Finally, the absorbed to scattered power ratio and absorption spectra of the wire with 2-m radius are depicted in Fig. 10(a) and (b) , respectively. As with the other wires, the absorbed to scattered power ratio spectrum is characterized by a maximum, which confirms the independency of this figure with respect to the geometry. As expected, the measured values of absorbed to scattered power ratio increase with respect to the other wires. In addition, the absorption minima are centered at the FMR in accordance to the theoretical model.
IV. FINITE-LENGTH WIRES: THEORETICAL ANALYSIS
A. Absorption Spectrum From the Scattering Problem
Once the response of infinite-length wires has been explained, let us focus on the finite-length wires case. Consider the ferromagnetic wire of length and radius depicted in Fig. 11 . In virtue of the Huygens Principle and equivalence theorem [24] , the original problem can be transformed to an equivalent one by including electric and magnetic currents on the surface of the wire. Thus, the scattering problem ( , i.e., total field, is equal to the addition of the incident and scattered fields) is reduced to the following integro-differential equation:
(12) where and are the equivalent electric and magnetic currents, respectively, which are given by (13) (14) For the particular case of microwires, and are simultaneously fulfilled, and thus, (12) is reduced to a generalized Pocklington equation (15) where is the exact thin wire kernel equal to (16) with (17) Fig. 11 . Geometry of the original and equivalent problems of the scattering from a finite-length ferromagnetic wire.
The solution to this integro-differential equation provides the surface current . Analytical solutions to this equation have been introduced in [25] - [27] . However, the equation has several solutions and an iterative process is, in general, needed to achieve the correct value. Despite this, it has been proven that simple numerical methods can be adopted leading to accurate solutions [28] . In this work, (15) is solved by using the method of moments following a point matching scheme with a triangular basis functions.
Once the surface current is known, the electric and magnetic fields on the surface of the wires can be easily retrieved, and thus compute the absorbed and scattered powers. Again, the absorbed power is determined by integrating the Poynting vector on the surface of the wire (18) Similarly, the scattered power is computed by integrating the Poynting vector of the scattered field on the surface of the wire (19) 
B. Approximate Circuit Model
While the previous analysis represents a complete solution to the scattering problem, it must be solved numerically and can hardly provide much physical insight into the absorption spectrum. Therefore, this section introduces a simple circuit model that, despite being an approximation of the scattering solution, it is reasonably accurate, and simple enough to provide physical insight into the correlation between the absorption spectrum and the geometry of the wire.
To begin with, the solution to the scattering problem becomes easier if the current distribution on the wire is known. As with dipole antennas, the current can be approximated by sinusoidal distributions [29] . In particular, the current distribution of a receiving dipole antenna is given by (20) with (21) Thus, the problem is reduced to finding the magnitude of the current . Furthermore, can be easily determined by means of the reciprocity theorem as follows: [30] (22) where stands for the induced electromotive force given by (23) with being the current distribution function of the reciprocal antenna in the transmitting mode (24) In addition, is the self-impedance of the reciprocal transmitting antenna, and is an impedance term, which takes into account the wire surface impedance . In particular, the finite conductivity and magnetic response of the wire produce a voltage drop at each point of the wire, which is modeled as an additional impedance term defined as (25) Once the current on the wire has been determined through the circuit model, the absorbed and scattered powers can again be computed through (18) and (19) . The accuracy of this circuit model basically relies on the validity of the sinusoidal currents assumption. Therefore, the circuit model will be accurate as long as the wires behave as good conductors (i.e., thick wires). Fig. 12 depicts the comparison of the absorption spectra predicted by the method of moments and the circuit model for Co-rich wires with 22.5-, 5-, and 2-m radius and mm length. While there is almost a perfect match between both models for the thickest wire, the accuracy of the circuit model degrades as the wire radius decreases. Nevertheless, the circuit model provides a qualitative estimation of the absorption spectrum for all considered radii.
As for the absorbed to scattered power ratio, (18) and (19) show that is again independent of the current induced in the wire and thus both methods retrieve exactly the same result, which is, in fact, equal to the ratio obtained for infinitely long wires. Fig. 12 also reveals the main features of the absorption spectrum for finite length wires. To further clarify this spectrum, Fig. 13 represents the modified wire surface impedance of a wire with mm length and m radius, as well as the input impedance of the reciprocal transmitting antenna, . While has been evaluated through (25) , has been calculated as in basic antenna textbooks (see, e.g., [29, p. 918] ). The figure shows that is a scaled version of (see Fig. 5 ), while follows the typical behavior of a dipole antenna, with a resistance of approximately at 15.3 GHz ( ), and zero reactance at approximately 14.9 GHz ( ). In view of the frequency dependence of these impedance terms, the two absorption peaks observed for the wire of 22.5-m radius (see Fig. 12 ) can be explained as follows: the first peak is centered close to 9 GHz, and therefore it is ascribed to the increase of losses at the FMR. On the contrary, the second peak is placed close to the half-wave antenna resonance, and thus it is produced by an increase of the current excited in the wire at . As the wire radius decreases the wire resistance increases, which weakens the axial resonance. In fact, the second absorption maximum diminishes from 0.07 W for 22.5-m radius to 0.025 W for 5-m radius, and it completely vanishes for the wire of 2-m radius. Note also that the maxima due to the FMR observed in the wires of 22.5-and 5-m radius are located at lower frequencies than the FMR (below 9 GHz), while the absorption peaks of infinitely long wire where observed at higher frequencies. This is justified by the capacitive at the FMR frequency (see Fig. 13 ), in contrast to the dominant inductance of infinitely long wires. As for the wire of 2-m radius, the wire resistance is again dominant and a minimum of absorption is centered at the FMR.
C. Interpretation of the Absorption Spectrum
D. Impact of the Pyrex Coating
Up to this point, the impact of the Pyrex coating on the wire response has been neglected. In fact, the same assumption is implicit in previous theoretical studies on the electromagnetic response of the wires both for infinitely long [7] , [20] and finite-length [9] wires. This assumption is based on the weak dielectric response of Pyrex ( ) as compared to the ferromagnetic core. Additionally, this dielectric coating is placed in a minimum of electric field for wires behaving as good conductors.
Nevertheless, the Pyrex coating might perturb the axial resonances excited in finite-length wires, and thus significantly affect the absorption spectra. To include the coating in this study, the scattering problem addressed in [7] , [12] , and [20] must be completed with an additional cylindrical region. As with other cylindrical layered structures [31] , the result is a new wire with radius , where is the thickness of the coating, and with a new distributed impedance, , given by (26) with (27) where and stand for the medium impedance and propagation constant inside the coating, and is the original wire distributed impedance, given by (4) . Fig. 14 represents the absorption spectrum of both an infinitely long and a mm long ferromagnetic wire of m radius, covered by different Pyrex coatings of thickness 1, 5, 10, and 20 m. It can be concluded that the Pyrex coating has a negligible impact on the absorption spectrum of infinitely long ferromagnetic wires, while it appreciably affects the spectrum of finite-length wires. The reason is again the alteration of the axial resonances in finite-length wires. In analogy to dipole antennas, covering the wire with a dielectric material increases its electrical size on the axial direction, and thus the axial resonances appear at lower frequencies.
V. FINITE-LENGTH WIRES: EXPERIMENTAL VERIFICATION
The same Co Fe Si B ferromagnetic wires with 22.5-, 5-, and 2-m metallic radius have been employed for the validation of theoretical results on finite-length wires. The experimental setup is also the one depicted in Fig. 7 with the only difference that rather than connecting the wires to the waveguide walls, they have been cut to a length of 9.8 mm, and suspended within the waveguide on a Rohacell foam ( ) with no contact with the metallic walls. The spectra of absorbed to scattered power ratio and absorption for the wire of 22.5-m radius are presented in Fig. 15 . As is shown, the unbiased wire ( ) presents a flat spectrum of absorbed to scattered power ratio while its absorption spectrum is characterized by a maxima, not present in the infinitely long wire (see Fig. 8 ). Therefore, this maximum is ascribed to an axial resonance in the wire.
For biased wires, a peak of absorbed to scattered power ratio can be observed in Fig. 15(a) , which again identifies the FMR. Moreover, an additional maximum appears on the absorption spectrum. As predicted by the theory, this maximum is produced by an increase of at the FMR, but is located at lower frequen- cies due to the compensation of the capacitive input impedance ( ) with the inductive below the resonance. It is also observed that this frequency shift between the first absorption maxima and the FMR frequency increases along with the bias field. The reason is that the FMR frequency increases along with the bias field so that a smaller is placed at the FMR. Thus, the compensation of with gets stronger as compared to , and therefore the shift of the absorption peak relative to the FMR increases along with the biasing field.
Note also that changing the biasing shifts toward higher frequencies the peak produced by the axial resonance, initially positioned at . This is produced by the above the FMR so that at higher frequencies. In addition, the closer the FMR and axial resonances are the larger is the magnitude of , and the axial resonance is shifted toward higher frequencies.
A similar response is observed for the wire of 5-m radius (see Fig. 16 ). The more remarkable difference is that as the electromagnetic fields penetrate more in the wire the axial resonance weakens, and the strength of both absorption peaks is comparable. In the same way, the shifts produced by the changes in the biasing fields are more pronounced.
On the contrary, a complete different response is observed for the wire of 2-m radius. As anticipated in the theoretical analysis, Fig. 17(b) demonstrates that the axial resonance vanishes for very thin wires. In addition, a minimum of absorption appears at the FMR frequency. Unfortunately, the measurements of absorption to scattered power ratio were too noisy and cannot be interpreted [see Fig. 17(a) ]. The reason is the small reflection produced by a short wire of 2-m radius ( at 10 GHz).
VI. CONCLUSIONS
A detailed analysis of the absorption spectrum of conductive ferromagnetic wires has been presented. The analysis involves the computation of the absorption spectrum from the solution to the scattering problem, the formulation of circuit models, and the experimental validation of the theoretical results.
This analysis confirms the strong correlation between the absorption spectrum and the wire geometry. Therefore, the interpretation of the absorption spectrum is not straightforward, the FMR does not necessarily enhance the absorption, and the FMR frequency cannot be localized. However, the absorption spectrum can be intuitively explained through circuit models and the FMR can be identified through the absorbed to scattered power ratio spectrum.
Furthermore, axial resonances are excited in finite-length wires as long as they are thick enough to behave as good conductors. This leads to additional absorption maxima in the proximity of half-wavelength resonances. In addition, there is an inter-coupling between axial and FMRs, which further alters the absorption spectra. On the contrary, the finite length of the wires has no impact on the absorbed to scattered power ratio.
